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ABSTRACT 
Suppose A is a symmetric, singular M-matrix. A sufficient condition for A to have a 
triangular, singular M-matrix factorization is given, and it is shown that PAP* always 
has such a factorization for a particular permutation matrix P. 
1. INTRODUCTION 
In a recent paper Kuo [4] has shown that if A is a singular M-matrix, then 
there exists a permutation matrix P such that PAPT= LU, where L is a lower 
triangular M-matrix and U is an upper triangular, singular M-matrix. Also, 
Jacobson [3] has shown that every symmetric M-matrix has a triangular 
M-matrix factorization. In this paper we establish a sufficient condition for a 
symmetric, singular M-matrix to have a triangular, singular M-matrix factori- 
zation. Then, we show that PAP* always has such a factorization where P is 
a particular permutation matrix. Lastly, necessary and sufficient conditions 
are given for PA +PT to have a non-negative factorization. 
2. PRELIMINARIES 
Throughout this paper, all matrices considered are real. We state the 
following definitions: 
DEFINITION 1. Let A be an arbitrary m x n matrix. The Moore-Penrose 
inverse [l] of A is the unique nXm matrix A+ satisfying AA+A=A, 
A+AA+=A+, (AA+)& AA +, and (A+A)*= A+A. 
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DEFINITION 2 (Ostrowski). A E R n Xn is an M-matrix if uii < 0, i # j, and 
A possesses one of the following three equivalent properties: 
(a) A is nonsingular and the elements of A - ’ are non-negative. 
(b) All principal minors of A are positive. 
(c) There exist n positive numbers xi such that 
jgl aiixj > 0, i = 1,. . . ,n. 
DEFINITION 3. A E RnX” is a singular M-matrix [2] if A is singular, 
aif < 0 for i# i, and A has all principal minors non-negative. 
DEFINITION 4. Let C,, 1 Q i < p, be a set of matrices, each of order m,. 
The direct sum of this set, denoted $0 Ci, is defined by 
i=l 
DEFINITION 5. A matrix A of order n, n > 2, is said to be reducible if 
there exists a permutation matrix P such that 
PAPT = 
All Al, 
[ 1 0 AZ? ’ 
where A,, and A,, are square submatrices of A. A matrix is irreducible if it is 
not reducible. 
Lemma 1 states some well-known properties of Moore-Penrose inverses. 
Since the proofs occur frequently in the literature, they are omitted. 
LEMMA 1. 
(i) Zf A is rwnsingulur, A+ = A - ‘. 
(ii) ZfA= s"Ai, then A+= $.A:. 
i=l i=l 
(iii) Zf A = UZ? V, where U and V are orthogonal, then A + = VTB +UT. 
In the next section we shall need the following result due to Jacobson [3]. 
THEOREM A. Every symmetric M-matrix A E Rnx” has the representa- 
tion A = CC=, where G is a trim&m M-matrix. 
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3. RESULTS 
Let r(A) denote the rank of the matrix A. The following theorem gives a 
sufficient condition for a symmetric, singular M-matrix to have a triangular, 
singular M-matrix factorization. 
THEOREMS. If A is a symmetric singular M-matrix such that A has the 
f OTm 
A= 
where A,, is nonsingular and r(A) = ?+(A,,), then A = GGT, where G is a 
triangular, singular M-matrix. 
Proof. Since A is symmetric and r(A) = r(A,,) with A,, nonsinguku, 




A& Ali(‘G -‘A,, 
and it is clear that G, is a singular M-matrix. n 
Next, it is shown that the above condition is satisfied if the symmetric, 
singular M-matrix A is irreducible. 
COROLLARY 1. Zf the symmetric, singular M-matrix A i.s irreducible, 
then A = GG T, where G is a triangular, singular M-matrix. 
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Proof. Suppose the symmetric singular M-matrix A is irreducible. We 
can partition A into the form 
A = All b 
[ 1 c a,, . 
Fiedler and Ptak [2] have shown that if A is an irreducible singular M-matrix, 
then all proper principal minors of A are positive. Hence, A,, is a symmetric 
M-matrix. Since r(A) = r(A,,), the corollary follows from the theorem. n 
The next theorem shows that PAPT always has a triangular, singular 
M-matrix factorization for a particular permutation matrix P. 
THEOREM 2. If A is a symmetric, singular M-matrix, then there exists a 
permutation matrix P such that PAPT= GGT, where G is a triangular, 
singular M-matrix. 
Proof. There is a permuation matrix P such that PAPT = go Ai, where 
i=l 
Ai is either an irreducible (possibly singular) M-matrix or else is the zero 
matrix for 1 < i < s. If Ai is nonsingular, there is a lower triangular M-matrix 
Gi such that Ai = Gi GiT, by Theorem A. Secondly, if Ai is a singular 
M-matrix, there is a lower triangular, singular M-matrix Gi such that Ai = 
GiGiT, by 
s 
Corollary 1. Finally, if Ai =O, let Gi =O. Thus, PAPT= GGT where 
G = z” Gi is a triangular, singular M-matrix. n 
i=l 
Jacobson [3] showed that the inverse of every symmetric M-matrix has a 
triangular, non-negative factorization. Here we give necessary and sufficient 
conditions for PA +PT to have a triangular, non-negative factorization where 
P is the permutation matrix defined in Theorem 2. 
THEOREM 3. Let A be a nonzero, symmetric, singular M-matrix and P 
be the permutation matrix defined in Theorem 2. Then PA+PT has the 
factorization PA +PT = FF T, where F is a triangular, non-negative matrix, if 
and only if PAPT has the fm 
where A,, is an M-matrix. 
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Proof. Without loss of generality, we may assume that PAPT = 2. Ai, 
i=l 
where Ai is an irreducible (possible singular) M-matrix for 1< i < t and Ai is 
a zero matrix for t+ l< i < s. By Lemma l(ii), PA+PT= i” Ai+. Kuo [5] 
i=l 
has shown that if B is an irreducible, singular M-matrix, then B + P 0. Thus, 
if PA +PT = FFT, where F is a triangular, non-negative matrix, then Aj is 
nonsingular for 1< i < t. Hence, 
t 
where A,, = 2’ Ai is an M-matrix. 
i=l 
Conversely, suppose that PAPT has the form 
where A,, is an M-matrix. Then, by Theorem A 
PAP’=[:l ;][y ;], 
where G,, is a triangular M-matrix. Thus, 
PA+PT=[ (Gf$l ;][ G;’ ,g] 
by Lemma 1. So PA +PT= FF ‘, where F is a triangular, non-negative matrix. 
n 
4. EXAMPLES 
AS an example of Corollary 1, consider 
-2 -2 10 
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where 
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A,, =[ _; -;I> 
A&=[-2, -21, Az2= 10, and r(A) = r(A,,) =2. Then 
A,, = GGT=[ _; ;I[; -;I, 
and AL(GT)-‘=[-1, -31. Hence, 
I G 0 A= I[ GT G-‘A Ali(G 0 o o 
An example of Theorem 2 is given by 
13 0 -3 0 
0 4 0 -2 -2 
A=-3 0 1 0 
0 -2 0 2 -2 
0 -2 0 -2 10 
Note that A = PBPT = PFFTPT, where 
0 0 0 0 1 
1 0 0 0 0 
0 1 0 0 0 
0 0 1 0 0 
4 -2 -2 0 0 
-2 2 -2 0 0 
B = -2 -2 10 0 0 
0 0 0 l-3 
0 0 0 -3 13 
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and 
2 00 00 
-1 10 00 
F=---30 00. 
0 00 10 
0 0 0 -3 2 
Also, 
A+=& 
49 0 147 0 0 
0 26 0 -17 -1 
147 0637 0 0 
0 -17 0 13 -5 
0 -1 0 -5 17 
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as proven in Theorem 3. 
The author wishes to thank the referee for suggestions which resulted in 
a substantial improvement in the proof of Theorem 1. 
REFERENCES 
1 A. Ben-Israel and T. N. E. GreviUe, Generalized Inverses: Theory and Applica- 
tion-s, Wiley, New York, 1974. 
2 M. Fiedler and V. Ptak, On matrices with non-positive off-diagonal elements and 
positive principal minors, Czechoshak Math. I. 12:382-400 (1962). 
3 D. H. Jacobson, Factorization of symmetric M-matrices, Linear Algebra and Appl. 
9:275-278 (1974). 
4 I. Kuo, A note on factorizations of singular M-matrices, Linear Algebra and Appl. 
16:217-220 (1977). 
5 I. Kuo, The Moore-Penrose inverses of singular M-matrices, Linear Algebra and 
Appl. 17:1-14 (1977). 
Received 19 December 1977; reoised 13 Febmay 1978 
